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What we are taught - The Perturbative Story

Q1: What is a scattering amplitude7

O] T{¢(x1) - ¢(xa)}|0) == G(Py, ..., P /Hd Xa €727 (p(x1) -+ P(xn))
Off-Shell Data = G(P)) H P? X An(P1,. .., Py)
p2=o !
LSZ = |A,=Res(G(P))|p_,
Q2: How should we compute them?
> Traditionally - Perturbative Feynman rules
P P3
szz:(F’1+Pz)2 + . :An
S12 — I'I'l2
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Why look for something new?

Traditional methods:
> Combinatorial explosion of diagrams.

> Loop integrals become complicated.
But the final answers look...simple!
1986 — Parke—Taylor [26]
5+ 4+
AMHV(= ) = (ij)* 6" 3*
! ’ [[0-i({aat1)
2~ 1~
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Hint of a Hidden Structure

1988 - Nair [25]: MHV amplitudes <+ current correlators on CP!.
2003 - Witten [35]: Twistor string on CP3* encodes N = 4

SYM amplitudes.
2004 - RSV [30]: Tree amplitudes = integrals over moduli spaces

of holomorphic maps between:

T x
3 5 x
X
holomorphic map X
Tg z3 _— X
L] [ ]
%
) . X
T5 Ty

Can we break from the perturbative story?
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LThe CHY Formulation of Scattering Amplitudes

The CHY Scattering Map

CHY: Amplitudes computed directly from kinematic data.

Kinematics <> Geometry: No Diagrams Needed!

Sab = (ka i kb)2 —— 05€ CP?

:C Scattering Map
: z {k} {01} w

Moas 3 (01,...,04)

> How does this map come about?
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LThe CHY Formulation of Scattering Amplitudes

The CHY Scattering Equations

The Scattering Equations [10, 8, 11, 12, 9]

For n massless particles, the n—3 scattering equations are

n

25‘97":07 foralla=1,...,n (1)
p=1 72 b
b#a

which have (n—3)! solutions.

> They form the backbone of the tree-level S-matrix for
massless particles in any dimension. [8, 12]
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LThe CHY Formulation of Scattering Amplitudes

Tree-Level, Massless Amplitudes* in CHY

Universal CHY Representation [12, 11]

massless __ 1 / b
Ay = stz | Tlaea 400 T3 (Sora 72 ) T Tk

> Universal for a wide class of tree-level, massless theories [22].

> . gauge fixing SL(2, C) redundancy of CP?.

1
VolI(SL(2,C))
> Z;,Zgr: theory-dependent half-integrands.
*For theories, like Yang-Mills & the Bi-adjoint Scalar Theory, with colour or

flavour symmetry, this is just the partial or double-partial amplitude.
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LThe CHY Formulation of Scattering Amplitudes

The Half Integrands - Part 1: Colour

Theories like Yang-Mills have colour symmetry:

1 a rauv 3 a a abc pb pc
ﬁZ_ZZFuVFu7 Fiiv = OuA, — Oy A + gF T ALA.

Colour ordering < Cyclic Ordering of punctures on the Sphere
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LThe CHY Formulation of Scattering Amplitudes

The Half Integrands - Part 2: Encoding Polarisation

> Polarisation is encoded by the reduced Pffaffian of the
antisymmetric matrix Pf' M:

-
M2n = |:/é\- _g :| )
where
Aap = k- ke > Bab = ﬂ’
Xa — Xp Xa — Xb
z €5 kb
Coa=—) Cap and Gy := pp—

b3
> (Pf'M)? = det(M)

> The reduced Pfaffian = eliminate two rows and two columns
(dimensional analysis and PfM = 0).
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LThe CHY Formulation of Scattering Amplitudes

The Double & Zero Copy

s =0 | Bi-adjoint Scalar (BA ¢®) | PT(a) | PT(3)
s=1 YM PT(a) | PF(M)
s=2 Gravity Pf(M) | Pf'(M)

Using a very nice property of the scattering equations solutions
called KLT orthogonality, one can show:

> Zeroth Copy: Replace PT(3) in BA s with Pf(M) = YM.

> Double Copy: Gravity = YM ®xrt YM
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LThe CHY Formulation of Scattering Amplitudes

What | am Happy to Chat About Later!

What | Have Been/Am Exploring - Bi-adjoint Scalar Theory

Massive Scalars ‘ | ‘
-2 k Fi,i+n—k—=111Ti4+n—k,i—
S({o}) = 73 5 (Siivn-k 1 — ) log (il zacsiat)

SPGB
- ESDSSP -

2604.24830 [32]
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LThe CHY Formulation of Scattering Amplitudes

Where do they come from?!

CHY looks nothing like:
> a space-time action M
> conventional string theory

So what is the underlying physics?

{

Ambitwistor Strings
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L Ambitwistor Strings

Ambitwistor Space [18, 1]

1. Start with Mi¢ in d—dimensions.

2. Cotangent Bundle of Mz : (X2, P,) € T*M¢

3. Space of Null Directions: T}, = {(X, P) € T*Mc¢|P? = 0}

4. Mod out by shifts in spacetime along each null direction:

A:T,*{,/{P-;X}

5. However, we only want the projective information of the space:

Projective Ambitwistor Space
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L Ambitwistor Strings

Worldline Quantum Field Theory

Amplitudes are now path integrals over particle trajectories.
ddp elP(1—x0)

000 = [ arge

e EEEEE— )
d p e*TP2+iP-(X1*X0) X]_ XO
T):X1 1 T . )
/ dT/ DX exp (—7/ X dT)
X(0)=Xo 2 Jo
[ Feynman Diagrams = Worldlines Glued Together ]

X3 = /d3T/ddX e M
X d ipi (X —X)
X]_ /dd H/ d e

X2 = (6(x1) () (X5)uee
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L Ambitwistor Strings

First Order Action

1
S[X,P] = / P dXt — §ég’“’PuP,,,

> & enforces P2 = 0 from its e.o.m.

Gauge Transformations

SXP = agh'P,, §P,=0, 0&=da

> Gauge transformations send fields X to X’ along the null
translation generated by P.

Solutions to the field equations modulo gauge are null geodesics
in spacetime, parameterised by the scaling of P.
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L Ambitwistor Strings

Ambitwistor Strings: Definition & Algorithm [18]

[ QFTs of holomorphic maps from Riemann surfaces to PA. ]

1. Worldline (1) — Worldsheet (X, o)
2. Complexify space-time:
(X*,P,) € T"Mc, holomorphic

3.Holomorphicity:dX — 0.X = d50; X — ed,X; e € QYL(Z, Tx).

) ] N
SboslX, Pl = 5= /z PLdeX" — gg‘“’PMP,,

4. Gauge Transformations: 6& = da, — 08 = da,

5. P2=0viaé eom = T; — Ambitwistor Space
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L Ambitwistor Strings

Ingredients of an Ambitwistor String [18]

All Models Take the Form
S = Spos. + SL+ Sk

1. Current Algebras S¢: 'currents’ j2 € Ky ® g

fab ic k(sab
:a b/ c J
J?(0)i?(0") a—a’+(0—0’)2

2. Worldsheet Superalgebra: fermionic spinor W# € K1/2 @ C9 &
fermionic gauge field y € Q%! ® T§/2

Sy = / g VHOVY — P -V,
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L Ambitwistor Strings

Ambitwistor String Structures «— CHY Structures [18]

[ What worldsheet matter corresponds to Z, and Zr of CHY? ]

Biadjoint Scalar Sc. + Se, PT(a) PT(B)
Y™ Se + Sc, PT(a) P (M)
Gravity Sw + Sg Pf' (M) Pf (M)

How do CHY amplitudes arise?
> Insert vertex operators impose constraints (via d(k - P)).
> Compute their correlator:

An:<vl"'vn>

> The path integral localises onto the scattering equations.
18 / 20
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L Ambitwistor Strings

Applications & Breakthroughs Due to Ambitwistor Strings

Twistors give a geometric description of amplitudes in 4d.
Ambitwistor strings extend this to all dimensions, where
scattering equations arise from a universal worldsheet
theory.

> Loop amplitudes: scattering equations & double copy
beyond tree level e.g. [4, 19, 20, 21]

> Massive extensions: double copy structures, masses <+
internal symmetry group etc. [5, 6].

> Curved backgrounds: beyond flat spacetime [3, 2]
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L Ambitwistor Strings

Thank you for Listening!

Any questions?
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L Ambitwistor Strings
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A Quick Colour-Ordering Tutorial

Yang-Mills Theory:

1 a a,uv a a
L=—"F3,F, F2, =08,A

2 Fiv S — 0, + g CADAL.

T2 € U(N)

L

~ fab i[Tal Tag] — ZQ\P 1 fa1a2a3 T a3
) 3=

o

Fr2ds — (T T2T3) — tr(T2TAT).

Colour Decomposition

All tree-level amplitudes can be written as

An= Y (T T%) A(p(1) - p(n)),

PESH/Zn

where A, is the partial amplitude.
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CHY Amplitudes & A Colour-Ordered Scalar Theory

Adding Colour to CHY [11]

Colour-dressed integrands Z; & Zg for Yang-Mills (s = 1) &
Einstein gravity (s = 2):

Xp(1) = Xp(2)) "+ (Xo(n) = Xo(1

P Fn = ( Z - Tr( Tap).. -T2 ())) (Pf’/\/l)s, 2)
PES,/ Ly

But what about for s = 07
—> A scalar theory with two independent colour-orderings?!
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What are we all here for?

Theory

Scattering Amplitudes

L —
L= =g Ful

+ip Dy

Fiijie + hee.
+1Dul =V (6)

~

Experiment
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Geometric Structure of Bi-adjoint ¢> Amplitudes

How to Draw a Double Partial Amplitude: ms(12345|12534)

5 —> 5 —> 5

> Only planar diagrams allowed!
> # n-particle diagrams = triangulations of n — 2 polygon = C,_o.
> Field theory behind the associahedron!
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Tree-Level, Massless Bi-adjoint ¢*> Theory CHY Amplitude

Interactions in Bi-adjoint ¢ Theory: U(N) x U(N) symmetry

43 5 2 PR
,CBA ¢ _ abcf555¢aa¢bb¢cc- (3)

int.

> U(N) generators as basis:

2 a,a
b i b / ¢ :
,'[Ta,T ]: E fareTeC. ~ fabcfabe
c=1 b B

> Split amplitude into colour and kinematic parts[12]:

AL ({kiy a1, 3}) = > Tr(T® .. T20) Tr (T2 ... T2%0) my(alB).
a,B€5,/%n

BA ¢° _ 1 BA ¢3 _ 1
>, T (Xa) = *a(@) " Xa(n) = Xa(1) > Ig T (xg)—>8(2)) " (xa(n)—xB(1))
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LExtra Slides

Extra Slides
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Ordered Massive Particles - Doland & Goddard's
Construction

Doland & Goddard's Massive Extension to the Scattering Eq.s [16]

For a ¢3 theory describing scalar particles of mass m, consider the
following modification to the scattering equations:

ks - kp m? m?
+ + =0, 4
%;a Xa—Xp  2(Xa—Xa—1)  2(Xa — Xat1) (4)
beA

where A={1,2,--- ,n}.

> Correctly reproduces tree amplitudes, but massive particles now
have a cyclical ordering.

> Great that this works...but why?
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Planar Feynman Diagrams

Colour-Ordering Origin

Connects to colour-ordered amplitudes in the bi-adjoint ¢3 theory.

> Graphically = Planar Feynman Diagrams

> Helpful: Such diagrams only have planar kinematic invariants.
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Planar Kinematic Invariants & Chords on a Graph

> A planar kinematic invariant of length / is given by
-1 2

Siititi-1 = | > kitp | (5)
p=0

with 2 </ <n—-—2and 1< /i< nisthe particle label.

1

2 2 1
v5 — 5
" 3

4
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The Planar Scattering Potential
-

In any basis of kinematic invariants, the dimension is @

Idea — Express the potential in terms of a planar basis.

SL(2,C) v = s —s;—m?

The Planar Scattering Potential

Denoting xj; = x; — xj, the potential for n—particles is:

S({xi}) = Z Z (Si,... itn—k—1— m2) log ('Xi’i+”_k‘1| X"+"—k-,i—1>

|Xi,i+nfk| |Xi+n7k71,i71‘

Two Geometric Features

> Count basis using maximally symmetric Ferrer’s shapes.
> SL(2,C) invariance manifest due to emergence of cross ratios.
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Combinatorics of Bi-adjoint ¢ Diagrams - The Catalan

> The n'" Catalan number C, is given by [33]

1 /2
Cy,= < ”> — 1,1,2,5,14,42,132, 429, 1430, 4862, ...
n

Connection: Bi-adjoint ¢* Diagrams & Catalan Numbers [12]

Number of diagrams for n—particles = C,_»

1 2 1 2
4 3 4 3
1 2 3 4 5
2 3, 4 5, 1
@5 @1 @2 @3 @4 n:5 N C3:5
3 4 5 1 2
4 5 1 2 3
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The Catalan Numbers & the Bi-adjoint ¢* Theory

> One recursion relation that generates the Catalan numbers is
Segner's recurrence [31],
n—2

Co2=) C1Crois Co=1. (6)
k=1

Right-Hand-Side Diagram Factorisation




Scattering Amplitudes Without Diagrams: CHY and Ambitwistor Strings
LBuilding & Breaking Diagrams: The Geometry of Catalan Numbers

The U(1) Decoupling Identity

The U(1) Decoupling Identity

For an n-particle amplitude, the sum over all (n — 1) cyclic
permutations of external legs — where a fixed leg remains in
place while the others cycle — must vanish [17, 24].

> Cycling through the nt particle, simply gives

n—1
> An(1,2,3,. konk+1,..,n—1)=0. (7)
k=1

> Arises when one of the generators T2 o< 1 [15].
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Pictorial Representation for n = 4 Particles

2 = 1 + 1

ma(1234]1234) ma(1234]1243) ma(1234]1423)
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Counting the Diagrams

> Pictorial U(1) decoupling > Combinatorial array of U(1)
factorisation. decoupling factorisation n = m + 2.

O WN
= o BE

14
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The Narayana Numbers vs. Our Table

> C, admit a refinement given by the Narayana numbers [29]

N(n,k)z})(Z) <ki1). (8)

mk 1 2 3 4 5 mk 1 2 3 4 5
1 1 1 1

2 1 1 2 H B

3 01 3 1 3 B B B

4 1 6 6 4 5 BB s
5 1 10 20 10 1 5 @ s @ s @&
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LEmergent Correlation Functions from Colour-Ordered Amplitudes in CHY

Correlation Functions

LSZ Theorem: S-matrix <+ time-ordered correlation functions [23].

Fourier-Transformed n-point Green's Function

G(Ps,-.. o) = [ [T (60 - 60 (9)

On-shell limit:
o1
G(Py,...,P,) — (HP2> An(P1,...,Ps).  (10)
a=1 9

> A, appears as the residue at the poles P§ =0.

> Off-shell terms in G do not contribute to the S-matrix.
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A Specific Colour-Ordered Amplitude with Off-Shell
Momenta

A; N KQ\,

d N
3 3 2
>
3LJ2,

mg(11'22'33'44'|1'12'23'34'4)

> Off-shell momentum

PE = pt 4+ 129", (11)
with p§:q2:0&0§73§1.
> Start with the amplitude

/

my(1, 1, o mm' |11, m' m)

> But, what about the complicated
sub-diagram?
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Colour-Ordered Amplitudes = Correlation Functions

> Complicated sub-diagram is an m—point correlator in disguise!

e
>

Q'\/

= G(P1,...,Pm)

> Explicitly computed for 2m = 6 external particles using CHY.
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The Off-Shell System

Physical Setup: The 2m particles live on a real interval | = [0, 1],
where the scattering potential governs their positions [13].

System Rules: Interaction strength between particles i & j is sj;

> s,p#0fora#x b = a & b repel each other.
> sy =0 = a’ & b’ do not interact among themselves.
> S, 0 = Primed <> Unprimed interactions permitted.

Consequences:
> Solve for positions of m — 3 dynamical unprimed particles.

> For s;j = 0, particles coalesce without divergence, and the
number of valid solutions changes.



Scattering Amplitudes Without Diagrams: CHY and Ambitwistor Strings

LEmergent Correlation Functions from Colour-Ordered Amplitudes in CHY

An Off-Shell Potential

Number of Solutions to the Off-Shell Scattering Equations

N = (m —3)i(m —2)™ (12)

Off-Shell Scattering Potential

The scattering potential in terms of the off-shell momenta is

Sx)=>_ (P Py — —(Pb) > log | X — Xp| (13)
a#b

+ Z )2 log |Xar — Xp).
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Colour Ordering #1

Goal

Organise amplitudes to separate colour and kinematics, revealing
simpler analytic structure.

Example: Yang-Mills (set g = 1) [34, 28]
1
L=—7D FaF™, Fi,=0uA) = 0,4, + FALAT (14)
a

a
Feynman Rules c

) ) ~ f‘abc
Interactions include fabc
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Colour Ordering #2

Interactions in Bi-adjoint ¢ Theory

—$3 7 a3  bb ;ce
EBA ¢ = - abcf555¢ ¢bb¢ o (15)

int.
> Use U(N) generators as basis = U(N) = SU(N) x U(1) :
N2

iTe, TP =Y fobere. (16)

c=1



Scattering Amplitudes Without Diagrams: CHY and Ambitwistor Strings

LEmergent Correlation Functions from Colour-Ordered Amplitudes in CHY

Colour Ordering #3

(1)

J

~
Q
s} /‘*/\k’\\

Te(T*T%) = (T*)i;(T°) 0 = b
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Colour Ordering #4

Strategy [14, 7]

Replace structure constants by generator traces

fobe =Tr(T2TPTC) — Tr(T2TCTP).
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Colour Decomposition #6 - Tree-Level Example #1

as

e

( T m 779 "T“'T") T TY)

a

e ay a2 a a, P a
a, q,

‘ 1 a, I ay ay ag

Sharb oo

i ba,
\fa,aa.\; j 2Qy

n

I
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Colour Ordering #5 - Why U(N)? [7]

The U(1) Completeness Relation

N2
> (T)i(T?)ua = Sirbji (17)
a=1
i /
+
+
i k

Let's look at its importance with an example.
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LEmergent Correlation Functions from Colour-Ordered Amplitudes in CHY

Colour Decomposition #7 - Tree-Level Example #2

T TIHTTT) = R(TTT=T)
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Colour Ordering #8 - The Final Result

Result - Tree-level QCD amplitude [15, 14]

Aee = N Tr(Tow - T20) Ag(p(1),...,p(n)).  (18)
pESn/Zn
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Colour Decomposition - One-Loop Example #1
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LEmergent Correlation Functions from Colour-Ordered Amplitudes in CHY

Colour Decomposition - One-Loop Example #2

c
b « = 4T T(TOTTT™)
oy ay ay a3

= T () T (71T

= T T T(TST™)
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CHY Amplitudes & A Colour-Ordered Scalar Theory

Adding Colour to CHY [11]

Colour-dressed integrands Z; & Zg for Yang-Mills (s = 1) &
Einstein gravity (s = 2):

2—s

.~ Tr(T2w ... T2

Lig={ Y r( ) (PFW)°. (19)
pesz, (Xe) = %) (Xotn) = Xo(0)

But what about for s = 07
—> A scalar theory with two independent colour-orderings?!
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4-Point CHY Amplitude in Bi-adjoint ¢ Theory

We compute the color-ordered partial amplitude:

my(1234]1234) = m / dea aHa L) PT(1234)PT(1234),

with

4
1
- PT(1234) = .
z:: Xa — (1234) (x1 = x2)(x2 — x3)(x3 — xa)(xa — x1)

b#a

Gauge fixing:
=0, x3=1, x3=o00.
This removes 6(Ey), 6(E3), (E4) and introduces the Fadeev—Popov like
gauge fix:
(x2 — x3)%(x3 — x3)*(x2 — x4 )°.
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Solving the Integral

After gauge fixing, the amplitude becomes:

= [ dx (2 = x3)*(x3 — xa)* (32 — xa)
Ay = /d 10(E) (a1 = x)? (e — x3)2(x3 — xa)?(xa — x1)*’

2

With x, =0, x3 = 1, x4 = o0, this simplifies to:

A4:/dX]_ 6(E1) L

2
X1

Scattering equation:

512 513 —0 = x = S12
— 1

E = — -
xg  xx—1 S12 + s13
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Final Result and Diagrammatic Interpretation

Ay — X1(X1 — 1) 1 N 513
= —"""—5 = .
si2+ 513 x2 si2(s12 + s13)

Plug into the integral:

Using Mandelstam variables:
u 1 1
S=5S1p, u=s3 S+t+u=0 = Aj=——=-—+-
st s t
P1 p3 p1 P4
S12 = p1+ p2
S14 = p1+ pa
Pa 3
t-channel P

P2
s-channel
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The Positive Kinematic Region [13]

SL(2,C) Gauge Fixing : {x1 = 0,22 = 1,23 = oo}

S(x) = Z Saplog |z — x|

1<a<b<n
n n
= Z Saplog |z — x| + Z Sq1log |za + Z Sa2log |z, — 1
4<a<b<n a=3 a=3

A positive basis

Sab > 0
Ky =< 8a>0 dim K, =
Sa2 > O
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Interpretation as a Potential [13]

In KC, the scattering equations have (n — 3)! real solutions.

i ction strength interaction strength
ae—b /

n n

S(x) = Z Sab10g |Tq — xp| + Zsﬂlog |za| + Z@logkya —1]

I 4<a<b<n a=3 L a=3

ov . .
—— = 0 = scattering equations

oz,
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Solutions & Particles on a Real Line [13]

| V () : the potential for n — 3 particles moving in the real line I = [0, 1]. |

-V(z) = Z Saplog |zq — xp| + Z Sa1log |zq| + Z Sa2log |z — 1

4<a<b<n a=3 a=3

|Solution = Equilibrium Statel

#tof Solutions = #of Equilibrium States
= # of ways to permute the n — 3 particles in I = [0, 1]
=(n-3)!

{z4, 5, ..., Tn—3}

R

o L4 P o
:L‘1:0 :EQ:l Tr3 = o0

:L',~>0:>V(1')~>oc| 1'7~>1-7:>V(.L')~>:>O|Trﬂlg‘"'y(f”)“oc ‘J?yﬂixév(m)‘)xl
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The Off-Shell Case

{//2’/3' m,1,2,3 m'} Rt
s By, my 1,23 Sab’#o

Sa/b/ = O

R *—- -——o0 > o

z1=0 o =1 €r3 = 00

20>V (@) —oo|ai—a=V() oo [zi=1=V () 500 [a,— +o0= V() - oo |

zi—zy =V (x) oo |zs > ;= V(z) > o0

#of Solutions = #of Equilibrium States
=(m—3)/(m—-2)"
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A Taste of Twistor Geometry in 4d [27]

In 4d, twistor space PT C CP3
> ZA = (Z%,...,Z%) #(0,...,0), where rZA ~ ZA Vr e C*.
ZA can be organised into two two-dimensional Weyl spinors:

7h = (Md’ Aa)-

Complexified Minkowski space M is related to twistor space via
the incidence relations

Pt = x4\, (20)

[ For fixed x, these define a projective line CP! c PT. ]

This is a non-local correspondence.
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The Twistor Correspondence in 4d [27, 1]

Space-time M Twistor Space PT

What does Z# correspond to in M¢?

A fixed Z € PT +— totally null 2—plane on M¢ = a—plane.
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Connection Between PA and PT [18]

In 4d, PA = T*PT and PA = T*PT* - ambidextrous!

ZeT ZeT

> L is a null linein Mc at Z-Z =0.
PA = {(Z, )|Z Z—O}
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