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Introducing the N-matrix Introduction

[}

ih% U(t, to) = H(t)U(t, to)
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Introducing the N-matrix Introduction

[}

. 0
:ha U(t, to) = H(t)U(t, to)
Instead Of WOFking Wlth the S—matrix, we can Work Wlth [Magnus 1954; Damgaard et

al 2021]
S — eiN/h
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Introducing the N-matrix Introduction

[}

ih% U(t, to) = H(t)U(t, to)

Instead Of WOFking Wlth the S—matrix, we can Work Wlth [Magnus 1954; Damgaard et

al 2021]
S — eiN/h

v N = N is hermitian
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Introducing the N-matrix Introduction

[}

ih% U(t, to) = H(t)U(t, to)

Instead of working with the S-matrix, we can work with magnus 1954 Damgaard et

al 2021]
S — eiN/h

v/ N = Nt is hermitian
v/ S is exactly unitary at each perturbative order of N
+/ Better numerical stability
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ih% U(t, to) = H(t)U(t, to)

Instead of working with the S-matrix, we can work with magnus 1954 Damgaard et

al 2021]
S — eiN/h

v/ N = N' is hermitian

v/ S is exactly unitary at each perturbative order of N
+/ Better numerical stability

v/ Directly extract observables from (f|N|i)
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Introducing the N-matrix Introduction

[}

ih% U(t, to) = H(t)U(t, to)

Instead of working with the S-matrix, we can work with magnus 1954 Damgaard et

al 2021]
S — eiN/h

v/ N = N' is hermitian

v/ S is exactly unitary at each perturbative order of N
+/ Better numerical stability

v/ Directly extract observables from (f|N|i)

v/ Free of hyperclassical terms [See Seb's talk earlier!]
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Introducing the N-matrix Introduction

[}

ih% U(t, to) = H(t)U(t, to)

Instead of working with the S-matrix, we can work with magnus 1954 Damgaard et

al 2021]
S — eiN/h

v/ N = Nt is hermitian

v/ S is exactly unitary at each perturbative order of N
+/ Better numerical stability

v/ Directly extract observables from (f|N|i)

v/ Free of hyperclassical terms [See Seb's talk earlier!]

7 How to compute it directly?
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The Magnus Expansion Introduction

1 1
S=1+ ; o ) /d4x1 oo d* %, T{H1 - Ha} Dyson Expansion
nz
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Introduction
(1]

The Magnus Expansion

1 1
S=1+ ; o ) / d*q - d*x, T{ M1 Hp} Dyson Expansion

We can also write a perturbative expansion for the N-matrix

1
iN(®) — - / d*x H,

, 11

iN® = 2P /d4x1d4xz 012[H1, Ho]

, 11

iNG) = 6 (ih)3 /d4x1d4xzd4X3 012023 ([Ha, [H2, Hs]] + [H3, [Ha, Hi]])
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The Magnus Expansion Introduction

1 1
S=1+ ; o ) / d*q - d*x, T{ M1 Hp} Dyson Expansion

We can also write a perturbative expansion for the N-matrix

1
iN(®) — - / d*x H,

, 11

iN® = 2P /d4x1d4xz 012[H1, Ho]

, 11

iNG) = 6 (ih)3 /d4x1d4xzd4X3 012023 ([Ha, [H2, Hs]] + [H3, [Ha, Hi]])

€ Commutators of the Hamiltonian density H
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The Magnus Expansion Introduction

1 1
S=1+ ; o ) / d*q - d*x, T{ M1 Hp} Dyson Expansion

We can also write a perturbative expansion for the N-matrix

1
iN(®) — - / d*x H,

, 11

iN® = 2P /d4x1d4xz 012[H1, Ho]

, 11

iNG) = 6 (ih)3 /d4x1d4xzd4X3 012023 ([Ha, [H2, Hs]] + [H3, [Ha, Hi]])

€ Commutators of the Hamiltonian density H
© 0O-functions 0; = 0(t; — t;)
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First Magnus Amplitude | Tree level

mO0O

1. 3.
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First Magnus Amplitude | Tree level

mO0O

]'. 3.

NS = (0 iN®) | (p1) - - - 6(ps))

NG — (% / d*xad*xad*x3 01603 ([Ha, [Ho, Hs]] + [Ms, [Ho, Hl]])>
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Tree level

First Magnus Amplitude | s

]'. 3.

NG = (0[iN®|¢(p1) - - 6(ps))
-3
NG — ((6) / d*x1d*xad*x3 012023([H1, [Ha, Hal] + [Ha, [Ha, HﬂD)

Step 1. Expand out the commutators in terms of the commutator

function:

iNg = [9i, 5] -

05/05/2026 4/12
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Tree level

First Magnus Amplitude | s

_ 13
”Hi—a-@-

NG = (0[iN®|¢(p1) - - 6(ps))
-3
iNGB) — ((6) /d4X1d4X2d4X3 012023([H1, [Ho, H3]] + [H3, [H27H1]])>

Step 1. Expand out the commutators in terms of the commutator

function:
iD= (i, 9] -
. h2 2. C 242 4
[ [ Hal) = (i832)(22) 505"+ (i8a)(i) ““H22% 1 0
05/05/2026 4/12
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First Magnus Amplitude I Tree level

EERO

Step 2. Absorb the 0-functions into iA;i0;; = iA?:

The only way to make 0; Lorentz invariant is pairing with Aj;, since

A; =0, when X5<0.
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First Magnus Amplitude I Tree level

EERO

Step 2. Absorb the 0-functions into iA;i0;; = iAff:

The only way to make 0; Lorentz invariant is pairing with Aj;, since

A; =0, when X5<0.

Easy: (iD12)(iD03)012023 = (IA)(IAL)
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First Magnus Amplitude I Tree level

EERO

Step 2. Absorb the 0-functions into iA;i0;; = iAff:

The only way to make 0; Lorentz invariant is pairing with Aj;, since

A; =0, when X5<0.

Easy: (iA12)(iA23)912023 = (I'Afz (I'A§3)
. . . ) 1. .
Harder: (iA13)(iA23)012023 = 012(/Af3)(/A§3) — j(/Aﬁ)(/A%)
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First Magnus Amplitude I Tree level

EHEDO

Step 2. Absorb the 0-functions into iA;i0;; = iAff:

The only way to make 0; Lorentz invariant is pairing with Aj;, since

A; =0, when X5<0.

Easy: (iA12)(iA23)012023 = (I'Afz (I'A§3)
. . . ) 1. .
Harder: (iA13)(iA23)012023 = 012(/Af3)(/A§3) — j(/Aﬁ)(/A%)

This step can be very non-trivial due to #-function identities:

0120+ 61 =1
012023 + 021013 + 023031 = 023

— See paper for nice diagrammatic perspective
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First Magnus Amplitude Il Tree level

Step 3. Do external contractions:

(0] : $36203 : |(p1) - - - d(ps)) = 4eP (PP ghapsgia-(Patps) | perms
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First Magnus Amplitude Il Tree level

Step 3. Do external contractions:

(O] : p2¢22 : |d(p1) - - - B(ps)) = de™v (PLHP2) gheps giia-(Patps) | perms

ing? = Z( P2@r)* 5 (py + pa + ps + pa + ps)

bl
D ) e
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First Magnus Amplitude Il Tree level

Step 3. Do external contractions:

(O] : p2¢22 : |d(p1) - - - B(ps)) = de™v (PLHP2) gheps giia-(Patps) | perms

iNgY = Z( P)?(27)*6® (p1 + p2 + p3 + pa + ps)
€ Retarded and advanced propagators
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First Magnus Amplitude Il Tree level

Step 3. Do external contractions:

(O] : p2¢22 : |d(p1) - - - B(ps)) = de™v (PLHP2) gheps giia-(Patps) | perms
ing? = Z( P2@r)* 5 (py + pa + ps + pa + ps)
€ Retarded and advanced propagators

€ Diagram-dependent weights
The Magnus Expansion in QFT 05/05,/2026 6/12



Loops
mOOO

Wick Contractions for Nested Commutators |

Ci.n=[H1,[H2, - [Hn=1,Hn]-..]]
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Loops
mOOO

Wick Contractions for Nested Commutators |

Cl.,.n = [H17 [H27 ey [%n—th] e ]]
Under a Wick contraction k and k'

Crp— iAkk/[...,{8¢ka,..., [0 His s M1, Hal -] }]

+A(k1k),[..., [8¢ka,..., [0, Hie - [Hn1,Ha] ... ] } }
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Loops
mOOO

Wick Contractions for Nested Commutators |

Cl...n = [H17 [H27 ) [Hn_l?Hn] ce ]]
Under a Wick contraction k and k'

Crp— iAkk/{...,{am?-{.k,..., [0 His s M1, Hal -] }]
—i—AS(),[, {8@(%/(7“'7 [8¢,k,7-[k,,...,[7-[,,_1,7-[,,]...] } :|

p
Af.jl) = {1, ¢j} ~ (2m)d(p?* — m?) = —— Hadamard function
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Loops
mOOO

Wick Contractions for Nested Commutators |

Cl...n = [H17 [H27 ) [Hn—la Hn] ce ]]
Under a Wick contraction k and k'

Crp— iAkk/{...,{amHk,..., [0 His s M1, Hal -] }]
—i—AS(),[, [8@(%/@-'-7 [8¢,k,7-[k,,...,[7-[,,_1,7-[,,]...] } :|

p
Af.jl) = {1, ¢j} ~ (2m)d(p?* — m?) = —— Hadamard function

At the end we normal order, but
[A,B]: =:AB: —:BA: =0,

thus many terms will vanish!
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Loops
[ ] [a[=

Wick Contractions for Nested Commutators Il

Ci.n=[H1,[Hay- -, [Hn-1,Hn]...]]
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Loops
[ ] [a[=

Wick Contractions for Nested Commutators Il

Ci.n=[H1,[Hay- -, [Hn-1,Hn]...]]

Tree level: (iA)™!
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Loops
[ ] [a[=

Wick Contractions for Nested Commutators Il

Ci.n=[H1,[Hay- -, [Hn-1,Hn]...]]

Tree level: (iA)™!
1-loop level: (iA)"tA(M)

Pablo Vives Matasan (QMUL) The Magnus Expansion in QFT 05/05/2026 8/12



Loops
[ ] [a[=

Wick Contractions for Nested Commutators Il

Cl...n - [H].? [H27 ey [Hn_l,Hn] cee ]]
Tree level: (iA)"1

1-loop level: (iA)"tA(M)
2-loop level: (iA)"1(AM)2 or (jA)" !
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Wick Contractions for Nested Commutators |l

Cl...n = [Hlv [H2v sy [H

Tree level: (iA)™!
1-loop level: (iA)"tA(M)

Loops
[T [ala]

n—1, Hnl ... ]]

2-loop level: (iA)"1(AM)2 or (jA)" !

At L-loops we have

(in)" {(A(l’)L(fA)°7 (AM)2 (),

00

(AMYO(iA) L even
T (AM)L(A)T L odd

Do

R
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Loops
[T [ala]

Wick Contractions for Nested Commutators |l

Ci.n=[H1,[Hay- -, [Hn-1,Hn]...]]

Tree level: (iA)"1
1-loop level: (iA)" 1AM
2-loop level: (iA)™LH(AM)2 or (iA)"H1

At L-loops we have

T (AM)IGA)T L odd

(100 ':O"”’Q:E"”’Q:E"]

+/ This allows us to generalise Z to loops
g
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Loop Weights Loops

EERDO
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Loop Weights Loops
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Loop Weights Loops

EERDO
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Loop Weights Loops

EERDO

In general,
1

2¢€

In particular, we can get loops from trees g(t:b) «— 5(0.0)

(L—Ioop,C—cut)) _ w(é_(L—C,O))

w(g
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Loop Weights Loops

EERDO

In general,
1

2¢€

In particular, we can get loops from trees g(t:b) «— 5(0.0)
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Loops
EEEN

Loops from Trees

OL:

E 1L:

=

i 2L: | 2C

(]

:

K 3L:| 3C | 1C
4L: | 4C | 2C
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Loops

Loops from Trees

EEER
oL N
=
'r'iu 2L: | 2C P2 lFle P1
2
S | 3L:13C|1C Pa < Ps
4L: | 4C | 2C P3 = Ps
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Loops
EEEN

Loops from Trees

o[58 W m e

T | 1L [1C >——J~—L—<
] |
'r% 2L: | 2C P2 lFle P1
g ‘
S | 3L:]3C|1C Pa ———T— 5
4L: | 4C | 2C P3 : Pe
Y

There is a deeper connection!

22€Cl L/ d%p
(L+6,C+0) _ k 2 2 (L,0)
A 22(C+€)(C + f)' /H ((27‘1’)3 é(pk m )) 'AK—FL

k=1
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Conclusion & Outlook

€ Retarded and advanced with subtle #-function cancellation
© Murua coefficients w(g) (theory-agnostic)

© Loop generalisation: {L,L—2,..., (1)} cuts at L loops

&) Forward limit structure: trees <+ loops

© Outlook: the classical limit (A — 0) of Magnus amplitudes. Is the
L-cut part of L loops enough to reproduce classical physics?
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Q&A

Thank you!
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Q&A

@ Introduction
@ Introducing the N-matrix
@ The Magnus Expansion

© Tree-level Magnus Amplitudes
@ First Magnus Amplitude |
o First Magnus Amplitude Il
@ First Magnus Amplitude IlI

e Loop Magnus Amplitudes
@ Wick Contractions for Nested Commutators |
@ Wick Contractions for Nested Commutators Il
@ Loop Weights
@ Loops from Trees
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The Chen-Strichartz Formula

" 1)
N — Z (2 n),l /d4X1"'d4Xn 612023 - - Op_11n
O’ESn n ( do' )

[Ha(l)v [ t [Ha(n—l)a Ho(n)] s ]]
Where d, = |D,| is the descent number of permutation o,
D, ={i|o(i)>o(i+1),1<i<n}.
Da213 = {1,2} Ds124 = {1} Dazo1 = {1,2,3} Daauz = {2}
da13 = 2 d3124 =1 daz21 =3 dog13 =1

v/ General formula for all n

X nl scaling — new formula with 2"~ terms, ask me at the end!

Pablo Vives Matasan (QMUL) The Magnus Expansion in QFT 05/05/2026 14 /12



New Magnus Formula

i —1)%
lN( ) = Z f(12 (n)—l) /d4X1 T d4Xn [HO'(].)7 [ ) [Ha(n—l)a Ha(n)] st ]]

g Sn da‘
© X 012023 - Op—1n
Grouping by descent set, eg. {2134,3124,4123} (D = {1}), the
f-functions recombine into one single string of thetas,

6021013034 + 023031014 + 623634041 = 0216023034
(2134)-1 (3124)-1 (4123)-1

N — /d4x1 cd*x, [HL [7.[2’ o [Hpo1, Hal - H

S
DC{1,...n— }”(\Dl ieD jeA

There are 2"~ ! sets D C {1,...,n— 1}. This reduces to a known formula
[Mielnik, Plebariski 1970]
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Tree Diagrammatic Expansion

We agree with (vura 2006, kim e a1 2024] (checked to 7 vertices (9 points))

Nigee = (27)%69(5 p) 3 % I(e)
g

m Sum over all directed trees
Kinematic information (propagators, couplings...)

m Weighting coefficient w(g) and symmetry factor o(g)

B PG -

[ What happens at loop level? ]
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One-loop example

Step 1. Expand out the commutators. Now do three contractions!
1. . .
[Hi, [Ho, Hs]] — E(lAzs) <(IA12)A%) + (IA13)A%)) L 91293

p
Af-jl) = {1, ¢j} ~ (2m)d(p* — m?) = —— Hadamard function
Step 2. Absorb the #-functions:

iDyy D3 A 010003 = inf ink AlY
o e 1. &
iD13 il A Y0150, = 012(ink, ink AlY) - EIA{% ink Al

Step 3. Matrix element:

NV Y Y
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Magnus Bubble Integral

. 2 [ 1
) (2) _ ,\(4) (—I) 1 P1 P2 1 P1 P2
iN, 0" (p1+ p2) 5 5 + 5
_ i : _
"\ 2
2@ (=) 1 p P 1 p P2
0" (p1+ p2) 5 5 5
L F F J

From the standard (massless) bubble integral we can write

A —i 1
iNgZ) = 6@ (p1 + Pz)( IZCF) <6 + log(|s]) + 2) + O(e)

So that the Magnus bubble integral has lost the usual discontinuity
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Magnus and OTOCs

Following the general k-OTOC contours of [Haehi et a1 2017]

R )
C
) )

— (=" (n—1)! 012003 Op—2n-10n-1n[H1, -, [Ho-1,Hn] - -]

>
>
n

n—1

- — N
- — 9=

Sy

)
) )

_>( 9’{023 n 2n— 10n 1n[H1a---a[Hn—17Hn]---]
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