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Outline

· Review of Amplitudes/Wilson loops in planar N= 4 SYM

· Review of cluster algebras & amplitudes

· Review of cluster adjacency in N= 4 SYM

~/ Jack Foster & Emer Gurdogan (17 ,
18)

· Possible extensions to more general massless amplitudes
*

~/ Lara Bossinger ,
Ross Glew ,

Omer Gurdogan ,
Rowan Wright (25)



Amplitudes & Light-like Wilson Loops
Planar Amplitude Wilson Loop Twister Geometry
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"R-invariant"

More generally "Yangian invariants" (
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Iterated integrals weight 22.

MHV
,

n = 6 , L = 2 - Goncharov , Spradlin , Vergn ,
Volovich (2010)



Iterated integrals andsymbols

of = I fa'alog a

a - rational (algebraic) functions of Zi (letters)

a = A = La, ..., an] (alphabet)

Symbol : S(f) = I Slf. ]@ a

S Integrability
:

/a (
k )

= 0

= [Ca(a , 0 ... ak] constrains (i

-

a
# k-tuples from alphabet



-Alphabets& Cluster Algebras
Golden , Goncharov , Spradlin , Verga ,

Volovich (2013)

Observed results for L=2 consistent with :

alphabet A & [cluster variables for Gr14,n) cluster algebral
includes minors (abad) and polynomials in minors.

<

1234)
<1235) + (1236)-

....

- (1264 - 13 -> <1234)
M

↓
o & ↓& ↓ &

(1145) -> (1256) -- - .. -> (124-2n - 1) -> </2n - 1 u)

↓ X ↓ ↑ ↑ ↓ A
<1343) + <1456) - ... -> ((h-34 . 2n- 1) -> (1n - 2n - 14)

M m↓ .... + T
< 2345] [34567 (n -4n- > n - >n - 1) (n-> n -2n - 1n)



Example : Gr(2 ,5) · flip arrows connecting to(13)

·Start with a quiver :

· add arrows it ; for each itk+j
[12] [12]
↓

M i< 13) - (14) - (15) <24) < 147 -> (15)

↓ 74 -> T-[23] (34) (4S) (4S)

· Mutate at a mode (eg . (1)
↓

[12]
(x = i)(x(y4)+ (4)(23) ↑

<24) -> (15)

↑ [x4 -<(4)(24) A

-

= (24)
[23] (34) (4S)



Example : Gr(2 ,5)

(13)
*

(14) · Edge variables (X-coords)
* -

X
,

[12] (Y-variables)
⑨ &

↓

[35) [24) (13) -(14) - (15)

M

↓↓
& &

<25)
[23] (34) (4S)

· Generate 5 inequivalent clusters < 123(34) <13] <45)
->

(14)(23) < 133(34)

with pentagon topology &

· They give
5 active cluster variables (faces) Note : here faces - edges .

together with 5 frozen : ten <ij)



Example : Gr(2 ,6) = Gr(4 , 6)

L

· Generate 14 clusters

topology : Stasheff polytope

9 active cluster variables (faces)· A

together with 6 frozen : fifteensij)

Y here facesI edges .



Cluster Adjacency I JMD
,
Foster

, Purdogan (2017)

neighboring letters 2....Dab0 .... ]
a ,
b possible only if c

.
b appear together in some cluster

Isolate a pair of slots :

C ... Da0b0
....] - 1 ...Ob0a0 .... ] Integrability => Adjacency

C
...Q .0b0 ....] + 1 ...

000 .

0 ... .. ] Integrability trivial , Adjacency not

①

Triples : Integrability
a bOC - ubic all in some chester

!
aXa'-a ,

a mutation pair
↑

cluster X variable (2) for mutation a is a



Example Gr(4 , 0) = Gr(2 ,6) a =

(1235)-
<12) = (3496)

X (a ,al) =
<12343(1236)

etz
. ...t

#

a= <1246)
-

---- Q <12357@30 (124%

Related to Steinmann conditions (Curon-Hurt
, Dixon

,
McLeod

, von Hippel 2016)

-> Bootstrap for amplitudes



Cluster Adjacency #I /JMD ,
Foster

, Gurdogan 2018)

Cluster relations also appear
in rational factors (poles)

example :
BCFW expansion of tree-level NMHV Gpt amplitude

R!0 = (12343] + [123363 + 113436]

↓

&" (X , (2350) + Xa (3561) + ... )

(1235)(23567(33613(5612746123)
--

active frozen

compatible

Related to factorisation of tree-level amplitudes



Cluster Adjuancy II cont
.

Loop amplitudes with rational factors : poles talk to final entries
Iderivatives)

e .

g.
6 pt .

NMHV amplitude :

RE = (a) Ru (1) = 123436] etc

compatible

↳

= [(Fire. Lijhe)] &" (X , (2350) + Xa (3561) + ... )

(1235)(23567(33613(5612746123)*--

also active frozen
compatible compatible



· Recently :
Cluster patterns (including a type of adjacency
have appeared in cosmological correlators :

Paranjape ,

Skowrouk
, Spradlin ,

volovich
.

Wen 2603
.
08670

Capuano ,
Lubowshi

,
Palazio

, Zhang 2603 . 09965

· Adjacency for tree-level BCFW terms now proven : (Amplituhedron

Even-Zohar
,

Lakrec
,
Parisi

,
Sherman-Bennett

,
Tessler

,
Williams

2504
.
01217

· Appearance of cluster variables from Landon analysis
Dennen

,
Prlina

, Spradlin, Stanojeric ,
Volovich 1612 . 02708

Hollering ,
Mazzucchelli

,
Parisi

, Sturmfels 2603
. 25493



Beyond Planar N= 4 SYM ? (Bossinger , JMD, Pleu , Guirdogan,Wright 2025)

In general we do not have dual conformal symmetry.

Lots of data from integrals.

Here focus on 2 loop pentagon functions : Yehrmann ,
Henn

,
Lo Presti 2013)

& Chichevin
,

Henn
,

Miter 2018)

Alphabet : (ij) = XiXja 10

(ij] = ja 78

& ijine = Cij-She = [ijij]- > kejche] 15

Ws1 = < 13) (347(24)(12) - <127(24](34) [13] 1

- 5

31



various
ways

to describe Kinematics : (e .

g . n = 5) finfinity line

· Planar) momentum thistors
&

⑨

*
&

B C Gr(4 ,7)
-> [AB]

& &

·

A
*

· XAB
-

I L

S
- &

B ·

-2
[AB]

c Gr(4 ,8)
& D

& I

(Chickerin , Itenu
, Papathanasion 2021 (

(Alinj , Dian
, Papathanasion 2026)

· Spinor helicity variables : < ij) <Re) - <ik)< je) + (i)<jk) = 0

&
= Gr(3 , 6) !

(ij] [he] -(in] (je] + (il]/jk] = 0

Crossinger 2012)
& (ik](kj] = 0



· Momentum twisters : Gr(4,7) (1234) + <1235) =(15)

↓ -
< ij) = (ij67)

<12) -> (13)(1234) - (4)(1235)) = <457

&

↑ ↑ &
Partial flag F2 , 4 , 5

< 1243) -> (1343) (35)(1234)- (34)(1235)

Type Ap cluster alg
.

V

<2345)

-> 14 active + 6 frozen variables

Rewriting in terms of original momenta one finds representatives of each

type of pentagon letter (except Win)
.

: Permuting particle labels -> generates 30 letter alphabet.

Also
:
/Pokraka , Spradlin ,

Volovich , Weny 2025)



· Spinor helicity variables

< ij) <Re) - <ik)< je) + (i)<jk) = 0 < ij) = (ij6)
[ij] (ke] - (in] (je] + (ie]/jk] = 0

Sijz = (-1)5-i (Dem

& (ik](kj] = 0 ↑
gives Pluckers of Gr13, 6)

↳ become minimal generating set

for Plucker ideal of Gr(3 ,6) (123)
(124) -> (125) -> (176)

· Type Da cluster alg ↓
(134) =- (145) -> (156)

-> 16 active + 6 frozen variables ↓ X ↓*
(234) 1345)(496)

Again reps of each class (except Wal)
-> 30 letter alphabet .

perms



Something special about & ij ,
he = Sij-Sul = Ciplij] - <ke)[he]

In all 2-loop data no pair of distinct & appear in adjacent slots.

We do see :

/unique
· Rijne X Rijikm 2-loop: planar &CD

non-planar N= 4 SYM

A mutation pair & Ap X-variable ! N= 8 supergravity
&W(l) ((xs] in planar N= PSYM/unique

-

· Rij .
he X Rit

, jl 2 - loop : non-planar N= P SYM

no cluster interpretation
N=y supergravity

We do not see :

· Rijke Y ① Lik ,ju (interesting relation to new 3-loop letters

o <W() LkD
. (

De quadratics (not a mutation pair -> more than one slot between -> need higher weights)



Summary
· Cluster algebras and notion of adjacency plays a useful
role for planar N= 4 amplitudes.

- extends to poles of rational factors (tree amplitudes,

BCFW terms
,

- natural to study such polylogs Yongian invariants)
related to work of Rudenko

,Matreiakin

· Role for more general massless scattering (much) less well understood

- partial evidence that(possibly multiple) cluster structures

play a role
. Maybe some hints of adjacency.

· Better understanding of geometry and positivity required ?


